ABSTRACT. In this paper we present a characterization of sums of extra stronǵ Swiatkowski functions, and we examine some functions which can be written as the product of extra strongŚwiatkowski functions.
Preliminaries
The letters R and N denote the real line and the set of positive integers, respectively. The word function means a mapping from R into R. The symbols I(a, b) and I [a, b] denote the open and the closed interval with endpoints a and b, respectively. For each A ⊂ R we use the symbols Int A, cl A, bd A, and |A| to denote the interior, the closure, the boundary, and the outer Lebesgue measure of A, respectively. The Euclidean metric in R will be denoted by ρ.
We say that a set A ⊂ R is simply open [1] , if it can be written as the union of an open set and a nowhere dense set. Let f be a function. The symbol C(f ) stands for the set of all points of continuity of f. If A ⊂ R and x is a limit point of A, then let lim(f, A, x) = lim t→x, t∈A f (t).
Similarly, we define lim(f, A, x + ), lim(f, A, x + ), etc. Moreover, we write lim(f, x) instead of lim(f, R, x), etc. Set c = lim(f, x − ) and d = lim(f, x − ). We say that x ∈ R is a Darboux point of f from the left if c ≤ f (x) ≤ d and f (x − δ, x) ⊃ (c, d) for each δ > 0. Similarly, we define the notion of a Darboux point from the right. We say that x is a Darboux point of f (x ∈ D(f )) if x is a Darboux point of f both from the left and from the right. Recall that f is a Darboux function 1 (f ∈ D) if and only if each x ∈ R is a Darboux point of f. (See, e.g., [3, Theorem 5.1] . ) We say that f is quasi-continuous in the sense of K e m p i s t y [5] (f ∈ Q), if for all x ∈ R and open sets U ∋ x and V ∋ f (x), the set Int U ∩ f −1 (V ) is non--empty. We say that f is cliquish [15] (f ∈ C q ), if the set of points of continuity of f is dense in R. We say that f is a strongŚwiatkowski function [6] (f ∈Ś s ), if whenever α, β ∈ R and y ∈ I f (α), f (β) , there is an x 0 ∈ I(α, β) ∩ C(f ) such that f (x 0 ) = y. We say that f is an extra strongŚwiatkowski function (f ∈Ś es ), if whenever α, β ∈ R, α = β, and y ∈ I f (α), f (β) , there is an x 0 ∈ I[α, β]∩C(f ) such that f (x 0 ) = y.
Remark 1.1º
We can easily see that the following inclusions are satisfied
We say that a function f changes its sign in interval I, if there are points x 1 , x 2 ∈ I such that sgn f (x 1 ) = sgn f (x 2 ). The symbol M denotes the class of all functions f such that f has a zero in each interval in which it takes on both positive and negative values. The symbols [f = a] and [f = a] stand for the sets x ∈ R : f (x) = a and x ∈ R : f (x) = a , respectively.
Introduction
In 1996 M a l i s z e w s k i proved the following theorem [9] . He showed also that products of two and three strongŚwiatkowski functions are different, and asked for characterization of products of such functions. In 2006 I found a partial solution to this problem proving the following theorem [14] . In this paper we examine the smaller class of functions, namely the familyŚ es of extra strongŚwiatkowski functions. We give equivalent conditions of belonging to the classŚ es (Theorem 3.1). It turns out that using one of them and the proof of Maliszewski theorem [7, Theorem 4] , we obtain directly the characterization of sums of extra strongŚwiatkowski functions. Moreover, we examine some functions which can be written as the product of two, three, four, and as the finite product of extra strongŚwiatkowski functions.
Sums
First we will give equivalent conditions of belonging to the classŚ es . Ì ÓÖ Ñ 3.1º For each function f the following conditions are equivalent:
By Remark 1.1 we clearly have f ∈ D.
Assume that y ∈ f [I]. Then f (x) = y for some x ∈ I. There is a compact interval J ⊂ I such that x ∈ J. Since y ∈ I f (min J), f (max J) , there is an
An immediate consequence of Theorem 3.1 is a local characterization of extra strongŚwiatkowski functions.
ÓÖÓÐÐ ÖÝ 3.2º For each function f the following conditions are equivalent:
There is a function g such that f i + g is an extra strongŚwiatkowski function for each i ∈ {1, 2, . . . , k}.
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The proof of Theorem 3.3 is almost the same as the proof of [7, Theorem 4] , which was presented by M a l i s z e w s k i in 1996. Using Theorem 3.1, immediately from condition (8) of [7] , we obtain that functions f 1 + g, f 2 + g, . . . , f k + g are extra strongŚwiatkowski. 
Products
In 1960 S. M a r c u s remarked that not every function is the product of Darboux functions [10] . In 1985 Z. G r a n d e constructed a nonnegative Baire one function which cannot be the product of a finite number of quasi-continuous functions [4] . Eleven years later A. M a l i s z e w s k i proved that there is a bounded Darboux quasi-continuous function which cannot be written as the finite product of strongŚwiatkowski functions [9] . Now we will show that there is a stronǵ Swiatkowski function which cannot be written as the finite product of extra strongŚwiatkowski functions. g k with g 1 , . . . , g k ∈ S es . SinceŚ es ⊂Ś s , by Theorem 2.2, the function f is cliquish and the set [f = 0] is simply open (cf. also [11, Theorem] or [2] ).
For i ∈ {1, . . . , k}, defineg i = min max{g i , −1}, 1 . Then the functiong i is bounded. By [12, Corollary 3.6],g i ∈Ś es .
SUMS AND PRODUCTS OF EXTRA STRONGŚWIA TKOWSKI FUNCTIONS
Putf =g 1 
Let I ⊂ R be an interval in which f changes its sign. Then at least one of the functionsg 1 , . . . ,g k , sayg 1 , changes its sign in I, too. Sinceg 1 ∈Ś es , there is an x 0 ∈ I ∩ C(g 1 ) such thatg 1 (x 0 ) = 0. The functionsg 1 , . . . ,g k are bounded, so x 0 ∈ C(f ), and finally
ÈÖÓÔÓ× Ø ÓÒ 4.2º There is a nonnegative bounded strongŚwiatkowski function which cannot be written as the finite product of extra strongŚwiatkowski functions.
P r o o f. Let F be a Cantor ternary set, and let I be a family of all components of the set R \ F. Define
It can be readily verified that f is nonnegative bounded and Darboux, f ↾ cl I is continuous, and f In 2003 I found a function which is the product of four strongŚwiatkowski functions, and which cannot be written as the product of three strongŚwiatkow-ski functions [13, Example] . Three years later I proved Theorem 2.2 [14, Theorem 4.2]. However, the problem of characterization of products of two and three strongŚwiatkowski functions is still open.
The next two assertions show that products of two and three extra stronǵ Swiatkowski functions are different.
Ä ÑÑ
4.3º If a function f can be written as a product of two extra stronǵ Swiatkowski functions, then for each interval I, if f changes its sign in I,
, where g 1 , g 2 ∈Ś es . If f changes its sign in an interval I, then either g 1 or g 2 , say g 1 , has the same property. Since the function g 1 ∈Ś es , there is an
As C(g 1 ) and C(g 2 ) are residual, so the set C(g 1 ) ∩ C(g 2 ) is dense. Hence
Obviously, C(g 1 ) ∩ C(g 2 ) ⊂ C(f ) and we obtain
There is a nonnegative bounded cliquish function which can be written as the product of three extra strongŚwiatkowski functions, and which cannot be written as the product of two extra strongŚwiatkowski functions.
Then f is nonnegative, bounded, and cliquish. Define g 1 (x) = |x|,
and
Obviously, g 1 g 2 g 3 = |sgn| = f, the function g 1 is continuous, whence extra strongŚwiatkowski, and C(g 2 ) = C(g 3 ) = R \ {0}. Since
and g 2 (0) = g 3 (0) = 2, then g 2 , g 3 ∈ D, and by Theorem 3.1, g 2 , g 3 ∈Ś es . So, the function f = |sgn| can be written as the product of three extra stronǵ Swiatkowski functions. Now observe that for each
Hence, by Lemma 4.3, the function f = |sgn| cannot be written as the product of two extra strongŚwiatkowski functions. Now we will show that products of three and four extra strongŚwiatkowski functions are different.
ÈÖÓÔÓ× Ø ÓÒ 4.5º There is a bounded cliquish function f which can be written as the product of four extra strongŚwiatkowski functions, and which cannot be written as the product of three extra strongŚwiatkowski functions.
Obviously, the function f is bounded. Since the set
is dense in R, the function f is cliquish. For i ∈ {1, 2} define
Clearly, g 1 , g 2 ∈Ś es and sgn
We can easily see thatf
Obviously, C(f ) is dense in R, whencef is cliquish. Moreover,f > 0 on R and ln •f is cliquish, too. By Corollary 3.4, there are extra strongŚwiatkowski functions h 1 , h 2 such that ln 
Note that f takes on both positive and negative values in each right-hand neighborhood of 0. So at least one of the functions g 1 , g 2 , g 3 , say g 1 , has the same property in each right-hand neighborhood of 0.
Assume that
In this case g 1 / ∈ D ⊃Ś es , a contradiction. So, g 1 (z) ≥ 0, whence z > 0. By definition, we have z ≤ x 0 ≤ π −1
, and z ∈ (nπ + π) −1 , (nπ) −1 for some n ∈ N. If g 1 (z) > 0, then there is a z 1 ∈ (nπ + π) −1 , z such that g 1 (z 1 ) < 0. But f = 0 on (nπ + π) −1 , (nπ) −1 . So, g 1 = 0 on (z 1 , z) and finally g 1 / ∈ D ⊃Ś es , a contradiction. Therefore we conclude that g 1 (z) = 0, whence z = (nπ) −1 and z < x 0 < π −1 . Since g 1 (z 1 ) < 0 for some z 1 ∈ (nπ + π) −1 , z , g 1 > 0 on z, (nπ − π) −1 , and g 1 ∈Ś es , we obtain z ∈ C(g 1 ).
Clearly,
, z ∪ z, (nπ − π) −1 .
Since the function g 1 takes on both positive and negative values in every neighborhood of z, one of the functions g 2 and g 3 , say g 2 , has the same property in every neighborhood of z. But g 2 ∈Ś es , whence g 2 (z) = 0 and z ∈ C(g 2 ).
Finally observe that lim |g 3 |, z + = lim |f /(g 1 g 2 )|, z + = ∞.
Consequently, g 3 / ∈ D ⊃Ś es , contrary to our assumption. We have shown that the function f cannot be written as the product of three extra strongŚwiatkowski functions.
Finally we would like to present the problem.
ÈÖÓ Ð Ñ 4.6º Characterize products of extra strongŚwiatkowski functions.
